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1. Introduction 



In 1986, Mabuchi |]TT| introduced the K-energy functional, which inte- 
grates the Futaki invariant and whose critical points are metrics of con- 
stant scalar curvature. It was used by Bando and Mabuchi to prove a 
uniqueness theorem for Kahler-Einstein metrics. The K-energy is strongly 
related to notions of stability in Geometric Invariant Theory and has been 
used by Tian [13, |1^, |1^ and Phong and Sturm |12], to give some results 



on the conjecture of Yau [T^, |18l on the relationship between stability and 
the existence of Kahler-Einstein metrics. Tian [|1^, [1^ has cast both the K- 
energy and the Futaki invariant in a more general setting using Bott-Chern 
forms and Donaldson functionals. 

Higher K-energy functionals were defined by Bando and Mabuchi and 
generalize the K-energy map to higher Chern classes of the manifold. They 
integrate higher Futaki invariants (see 0, |1^). This note presents 

these functionals with an emphasis on Bott-Chern forms. Two new formulas 
for the higher K-energy are given and the second K-energy is shown to be 
related to Donaldson's Lagrangian applied to metrics on the tangent bundle. 

Let M be a compact complex manifold of complex dimension n with 
Kahler metric Qfj. Let u = \J —\gq dz^ A dz^ be the corresponding Kahler 
form. Define 

P(M, cu) = {0 e C°°(M) I g-^ + > 0}. 

For in P{M,uj), let {(f)t}o<t<i be a smooth path in P{M,uj) with 0o = 0, 
01 = 0. Write Ut for u + ^/^^^(j)t. Now define the kth K-energy functional 
by 

Mfc,^(0) = -{n-k + l) r [ 0i(cfc(0i) - fikoo^) A oor'dt, 

Jo Jm 



where Ck{<pt) (also written Ck{u!t)) is the representative of the kth Chern class 
of M given by the metric Uf, and /ifc is the number given by 

/ifc = / Ck{uj) A cj"-^ where V = f w". 

The case k = 1 corresponds to the original K-energy as defined in 

Theorems 1 and 2 below were proved by Bando and Mabuchi |^ (also 
see for a proof of Theorem 1). We present an alternative derivation using 
Bott-Chern forms, leading to new formulas for the higher K-energy (Lemma 
5.1 and Corollary 5.2) as well as Theorem 3 below, which gives the second 
K-energy in terms of Donaldson's Lagrangian. 

Theorem 1. Mfc (^(0) is independent of the choice of path 

To define the higher Futaki invariants, let Ck{uj) and Hck{uj) be respec- 
tively the kth Chern form and its harmonic part. There is a real smooth 
{k — 1, k — 1) form fk such that 

Ckiuj) - Hck{uj) = v^ddfk- 

Define the kth Futaki invariant, which acts on a holomorphic vector field X, 
by 

JM 

where Cx is the Lie derivative. The case k = 1 corresponds to the original 
Futaki invariant if Ci(M) = fiiu, so that Hci{uj) = fiiu. It is shown in |I| 
(see also ^) that J^k,uj is independent of choice of metric in the Kahler class. 

Now given a holomorphic vector field X, let $t be the integral curve of 
Xfi = X + X. Then : M M is holomorphic, and there exists a smooth 
path {(pt} in P(M, cu) satisfying 

= uj + v^dd(j)t, and / 0tcu" = 0. 

Jai 

Then the higher K-energy integrates the Futaki invariant in the following 
sense. 

Theorem 2. Suppose that Cfc(M) = /ifc[ct;'^]. Then with {(pt} as above, 

^Mk,U<Pt) = 2Re(J-fc,^(X)). 
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Donaldson |^ defined a Lagrangian which was used in his proof that 
Mumford-Takemoto stable vector bundles over projective algebraic varieties 
admit Hermitian-Einstein metrics. It is defined in terms of the Bott-Chern 
forms corresponding to Tt{A) and Tt{AB). It is unsurprising then that this 
Lagrangian is related to the first and second K-energy functionals, which 
correspond to the first and second Chern classes. 

Let ii^ be a holomorphic vector bundle of rank r over M, and let H and 
Hq be Hermitian metrics on E. Let {Ht}o<t<i be a smooth path of metrics 
between Hq and Hi = H. Let Ft be the curvature of Ht. Then Donaldson's 
Lagrangian is given by 

= 11 ny/^TT{HtH^^Ft) Auj''-^dt- X [ [ TT{HtH-^)uj''dt, 
Jm Jo Jm Jo 

where 

A = / Ci(E)Acu"-\ 

r V Jm 

Now consider the case when E = T'M, the holomorphic tangent bundle. Let 
Ho be the Kahler metric g, and, for cf) in P{M,u), let H be g^. Write u;^ for 
CO + y/^ddcp and i^(0) for L{g^, g). We have the following formula for the 
second K-energy functional. 

Theorem 3. For in P(M, cu), 



1 




log (^-Jj (2/iia; - nci(0) - nci(O)) A ^"-^ 



I am very grateful to my advisor, D.H. Phong, for suggesting to look 
at these functionals, and for his subsequent guidance. I would also like to 
thank all the members of the Geometry and Analysis community at Columbia 
University for many enlightening discussions and talks. This paper will form 
a part of my forthcoming PhD thesis at Columbia University. 
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2. Chern classes and Bott-Chern forms 



Before proving the above theorems, we will briefly discuss Chern classes 
and their Bott-Chern forms. For more details on Bott-Chern forms, see 
and [jl6l. Let ii^ be a holomorphic vector bundle of rank r over the 
compact Kahler manifold M. If H = is a Hermitian metric on then 
its curvature is an endomorphism-valued (1,1) form given by 

{Fh)^^ = {Fh)^\-j dz' A dz^ = -d{{dH^^)H^^). 

Let $ be an invariant symmetric k-linear function on gl(r, C). Then we have 
a Chern- Weil form 

= = . . . , F^,) G fitf , 

which represents a characteristic class. 

Let H and Hq be two Hermitian metrics on E, and let {Ht} be a smooth 
path of metrics between them. Then there exists a Bott- Chern form BC$(if, Hq) 
in n^^''^~^/(Im9 + \md) given by 

BC$(/7, Ho) = -kV^ [' HHtHi\ Fh,,..., FnMt- 

Jo 

It is shown in Q that this definition is independent of the choice of path. 
Moreover we have 

-V^ddBC^{H,Ho) = HH) - <^{Ho), 

which can be checked by differentiating with respect to some parameter. 

We will restrict to the case of Chern classes of holomorphic vector bundles. 
The Chern- Weil form for the metric H representing the A;th Chern class of 
E is given by 

1 



^^(H) = ^ j sgn(7r) F,-^ A F,-^ A ... A F^^^,, 

where F = Fh and the usual summation convention is being used. 
The Bott-Chern form for the kth Chern class is then given by 



BCk{H, Hq) 
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where F — Fh^ ■ It satisfies 

Ck{H) - CkiHo) = -V^ddBCk{H,Ho). 

Now consider the case where the vector bundle is T'M, the holomorphic 
tangent bundle of M. Then g^-j, the Kahler metric on M, is a Hermitian 
metric on T'M. Let be in P{M,u). Write for g-j + didj(f) and Cfe(0) for 
Ck{g<t>)- Then, in normal coordinates for g^,^, we have 

writing for R^i-jdz' A d^;-^, where R^{j is the curvature tensor for g^. 



3. Higher K-energy functionals 

In this section we give an alternative proof of Theorem 1. Let {0t}o<t<i 
be a smooth path in P(M, a;) with 0o = 0i, and let A be any constant. 
Calculate 

Jo Jm 

= / / 0t(cfc(0t)-Cfc(0o) + Cfc(0o)-Aa;i*^) Ac^f-'^di 
Jo Jm 

JO Jm 

= C I v^aa^t) A BCfc(0i, 4>o) A a;r^dt 

+ /' / 0t(cfe(0o) - Au;,'^) A uj^^dt 
Jo Jm 

= r-T/7 BC,(0„0o)A^K-'=+^)di 

n — A; + 1 Jo JM OT 

+ r / Uck{<Po)-\uJ'l)^uJr^dt 

Jo Jm 

1 1 Pi 

= r-r/ / ^BCfe(0„0o)Aa;r''''^^ 

n — + 1 JO JM OT 

+ /' / 0t(cfc(0o) - Ao;,^) A uj'l-Ht. 
Jo Jm 

The next two lemmas will show that this expression is zero. The proof of the 
theorem will then follow immediately. 
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Lemma 3.1 With {0^} as above, 



JM 



Proof The argument is almost identical to one given in [O], but we will 
include it for the reader's convenience. Define 



Dis) 



t,s = s(f)t, and ut^s = uj + V^dd4>t, 
1 d<f)t,- 



lo JM dt 

Notice that D{0) = 0. We will show that D'{s) = 0. 



D'(s) 



't,s 



(c,(0o)-AOA<-^rft 



/o Jm dtds 

r-l 

+ 



>t,S 



-((n - /c)cfc(0o)w 



n—k~l 



— Xnuj- 



n-l\ 



t,S ty 



A 



-idd(^)dt 



JM dt 

7 ^S^r^M^')-Hs)^^t:^'dt 

JM at OS 

JM OS 



dt 



dt 



)dt 



d 



H.s 



M dt \ ds 



Ck{(po)->^^t,s) ^^l 



ri—k 



dt 



Lemma 3.2 With {0^} as above, 

[ -(BCfc(0i,0o))Aa;r^+i = O. 
JM dt 

Proof Writing g for g^^ we have 

ggg^' = {d,dj<Pt)g'^'. 

Hence, using the formula for the Bott-Chern form, and working in normal 
coordinates, 

[ -BC,(0„0o)Acur'=+i 
JM dt 
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Im (A; - 1)! V 27r 



k 



...AF^^^^^^^Aur'-"'. (1) 

Integrating by parts, using the Bianchi identity, and defining r to be the 
transposition in which interchanges 1 and 2, we see that one term in the 
integrand of (|I|) will be 



, ,n-k+l 



- E sgn(vr)V«,0tV„^,^)F„^(,)a2 A Fa,(3)a3 A ... A F^^^^s, A 
= - sgn(7r)Vsi0tV„^(,)F,^(,)a, A F^^^g^^a A ... A F.^^.^a, A uj]^-''^^ 
= - 5] sgn(7rr)Va,0tV„^,,)F,^(^jS, A F^^^^^^^ A ... A A wf"^^' 

= 5] sgn(7r)V^,0tV,^(,)F,^(,)S2 A F^^^^^^^s A ... A F.^^.^s, A a;,""'''"' 

TTGSfc 

= 0. 

Every other term is zero by the same argument, and the lemma is proved. 

The proof of Theorem 1 is now complete. 

Remark 3.3 Mk^uj satisfies a cocycle condition. Namely, if u' is another 
Kahler metric with u' = u + \^—lddtp, then 

Remark 3.4 The critical points of are metrics u with A^Ck{uj) constant. 
An example of such a metric is the Fubini-Study metric on CP". 

4. Higher Futaki invariants 

In this section we give a proof of Theorem 2. Let X be a holomorphic 
vector field. Recall that the Lie derivative of X on forms is given by 

= ix ° d + d o ix. 
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The interior product ix^J is a (0,1) form which is 9-closed since uj is Kahler. 
Hence there exists a smooth function 6x and a harmonic (0, 1) form a such 
that 

ixijJ = a — dOx- 

We have the following lemma. 
Lemma 4.1 

:FkAX) = -{n-k + l)V^ f ex{ck{uj) - Hckiuj)) A 

Jm 

where 6x is as given above. 
Proof Integrating by parts, 

^fc,,(X) = / CxfkAu;^-"^^ 
Jm 

= -/ fkACxu;''-'^' 

JM 

= -/ fkAdixOj''-'-^' 
Jm 

^-{n-k + 1) f fkAd{a- dOx) A u;""^ 
Jm 



,n—k 



^(n-k + 1) f /fc A ddOx A oj 

Jm 

^-{n-k + 1) / ex{ck{uj) - Hckiuj)) A ^""^ 
Jm 

To finish the proof of the theorem, let $t be the integral curve of Xn as 
before, and let (pt be given by 

^*uj ^ ut ^ UJ + ^/^dd(f)t, I 0tu;" = O. 

Jm 

Then 
Hence 



C^XRi^t = V-ldd(f)t. 



dixuJt + = ^v^(<9(90t - dd(j)t) 



and so 



«x<^t - -\/-ld(t)t = at, 



where at is a (0,1) form satisfying Re{dat) = 0. It follows from above that 



2Re(^fc,^,(X)) = -{n-k + l) Mck{uJt) - Hck{uJt)) A ool 

Jm 



n—k 



= -in-k + l) / 0t(cfc(^t) - ^^k^t) A a;," ^ 

JM 

Finally we must show that Tk,ujti.^) = ^k,uj{,X). This is immediate from [ 
or alternatively can be seen as follows. Since 

we have 

and so (pt = ^t'Po- Hence 

M JM 



n—k 



M 

5. Higher K-energy functionals and Donaldson's Lagrangian 

In this section we give a proof of Theorem 3 and give two alternative 
formulas for the higher K-energy functionals. It is pointed out in |T5[ (see 
also and ||13|) that the K-energy can be written without a path integral 

as 

r 1 f uj^\ 

AM^)=/ -logUL,; 



M 2tt \ UJ'' ^ 
I n— 1 



JM \ 2tx ^ n + l Jm 



bu' A uoT" 



This appears to be both a natural and useful expression for the K-energy 
(see H). Notice that 

c,{uj) = ^Ric{u) and — log M = BCi(0, 0), 

where to be precise, the above is only a representative of BCi(0, 0). The 
following lemma generalizes the above formula to the higher K-energy func- 
tionals. 
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Lemma 5.1 



M 



5C,(0,O) Ao;^ 



n-k+l 



n—k 



M 



cfc(o) ^Y.J^ 



^=o ^ + 1 y 



Proof For a path in P(M, a;), calculate 
= / -(BC,(0„O))Acu^ 



n-fc+l 



+ (n - A; + 1) / BCfc(0t, 0) A ul'-" A V-1 Wi 



M 



{n-k + l) / 0t(cfc(0O-Cfc(O)) Acu^ 



M 



n—k 
t ' 



(2) 



using Lemma for the first term and integrating by parts for the second. 
Also 



„ a n—k 



.i A ,n—k—i\ 
) 



n—k 



/ 0iCfc(O) A^o^^Ac^r'^-^ 



i=0 

n—k 



+ / (i)tCk{'^) AYin-k- i)uj' A cu"-''"'"^ A v^<9a(^i 



i=0 
n—k 



M 



n—k—i 



i=0 
n—k 



+ / 0tCfc(O) A V (n - - i)cu' A c^r^"'"^ A (c^t - uj) 



i=0 
n—k 



M 



(l)tCk{Q) A{Y{n-k-i + l)J A 



i A , n—k—i 



UJ. 



i=0 



(n - A; - A uj^-^-'-^) 



{n-k + l) / 0tCfe(O) Acj^ 

JM 



n—k 



(3) 
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Similarly, 



M dt y n + 1 '^^ .^g y 
The lemma follows from (Q), (|^) and (^. 

We will need a slightly different formula for M^^j^. 
Corollary 5.2 

(n-k + 1 



M 



M 

n—k 



Proof 

Jm 

J^^ BCfc(0, 0) A "e ' ~ ■ ^ ^)^^ (^<^ - ur-'^'-' 



M 

n-k+1 



i=0 

BCfc((/>,0) Aw^-'^+i 

M 



+ / BCfc(0,O) A v^990A E 



to' A (cu^ - cu)"-' 



BCfc(0,O) Aa;"-'^^^- / 0(c,(0) - Cfc(O)) A ^ cu* A o^r'" 



using, for the last line, the elementary identity 

]Ay-xr-^ = j:x^y"^-\ 

i=0 \ ^ ) 1=0 

which can be seen by observing that each side is equal to 



The corollary now follows immediately from Lemma 5.1. 



We now prove Theorem 3. First note that we have 
BCi(0,O) = ^ f\i{gtgi^)dt, and 
BC2(0,O) = ^ (Tr(^i(7-i)Tr(F,) - Tiig.g-^Ft)) dt, 
where Ft is the curvature of gt- Then using the fact that A = 27r/ii we have 

- (27r) Vi / /' ^Trigtg^'p-dt 
JM Jo Zn 

= -n(27r)2 / BC2(0,O) Acu"-^-(27r)2;ii / BCi(0,O)u;" 

JA/ JM 

+ nV^[ f\T{gtg;')TT{Ft)Auj''-'dt. (5) 

JM JO 

The last term is equal to 

n^/^ f /\Af0t)Ric(cut) A 

JM JO 



/M Jo 

n\/— 1 



2 



/ log ( ^4 1 (Ric(^0 + Ric(o;)) A 0;""^ 

JM V tU" / 



nvr/ log(^%) (ci(0) + Ci(O))Au;"-\ (6) 



where a straightforward integration by parts has been used for the second 



line. The proof of the theorem now follows from Corollary |5.2| and equations 
i) and (I). 
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